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Euclid’'s Game

wp8erflig.eor eflemerwimL ()

Introduction

SIWlep&LD

Playing games is a lot of fun. Today you are going to play a game that involves numbers,
and you will find a way to win the game, always!

allemerwm(h&ev BHEG WIGHS LRDFRMULS SMLD @M GFW6eVTESLD.
CTEOOTSHEMENTE  Q&Meoor(n)  @eormi BT ellemerwm GUTHIGMMD. @&H6v
eTLIGUMEIGLD QUMM MIGUEHM S TeoT o SHemUIULLD Braiger
Q& HBSISHG & meTer CUTSHINITS6T.

Task 1. Play the Euclid's game
WSV QFW6L: W aerfligeor ellemerwimL ()

1.

This is a two-player game.

1. ellem6TWITL. @\ (B BLITSH6T G606,

2.

The rules of the game are as follows.

2. elememulmL_1q 60T e1&\&s6iT LN 6dTeu (HLOIT M.

You can decide who plays first.The first player, say Player 1, writes down a number
that is between 1 and 100, including both. Let us call this nhumber ‘A’. The second
player, say Player 2, can write down another number of his/her choice. Let’s call this
number ‘B’.

allemeTWIMLemL WMJ QSTLBIGUTIS6T 66T HRIGEET (L6
Q&FUIG QGBITETETEVITLD. (LNGH6V QL L HEHMTTT (QLLL&SHTTT 1), 1 (LD&H6V 100
aemgWley 2 676 @ 6T6ooTem6t0Ts; CSHIHOSHSHE Q&MeuT(H UM
TS (Ssueovr@\m @,Lr;g, 6T600TEMGO0T ‘A’ 6T60TE Q&METGAUITLD. (@) I600TLITLD
%LL&S&SI’FUU QL LEB&HTTT 2), uﬂ]g;@mm 99 eTevoTS6ETleL ellpLILILILIL L
660T60N 6T(LDFH GGG TETETEVITLD. @)[HS5 6TE00TEME00T ‘B’ 6T60TE G\ TETGEUITLD.

Now, the first player will write the number (A - B) or (B - A), whichever is positive.
Let's call this number ‘C'.

QUGUTE, NSV QL L SHEHTIT (A - B) VLS (B - A SHe0UTHHIL
Geuetor(hILD. 6THev Lolemd: 6TevoTem600r SlleMLWLITS GQILMISMITCTT e
QT TWHE Qometer  Ceustor(hlD. @\bS  6TE00TEM6E00T  'C 6TE0TES
Q& MeTGeUITLD.

Next, it is the second player's turn. He/she has a choice. He/She can either write the
difference between C and A or the difference between C and B. However, if one of
these differences is already in the list (i.e., if it is A or B or C) then it cannot be
written again. (All differences are taken to be positive.)

LN 60607y, @ T60oTLTLD bl L SSHTTT eUTs &MMleV (C - A) 6VeVEI (C - B)
-@)6v TN &5 HE0UTHSHL_LIGUITS T TETLIEN S S
BT HOEH([H 5SSO STETETEVITLD. Y606V, 6T600T GIGTGSGLILNL  gMaerGal
9161G6I6T0T @)L LD QUIHMIBBSHTE (SIFTAUSI, A BIV6VSI B 16UV C 25
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@ BHSTV) 3! L56ooT(HLD 6TWSLILL &l M. (HLHIESH6060 QLIMHM 6Tevor
LOl6™IT5 6TEBOTEEITITSS (positive numbers) S([H&SLILIHLD)
Similarly, in subsequent turns, the players take turns to write a number which is the

difference between any two numbers in the list, provided the number itself is not
already present in the list.

@GCxHBUMe, 6Tetor QHTGLILIL @LLQUOHNBHEHEGILD G)(H 6Tevorsserfleor
ANGHWLMFSEMS ADSSHES FMHMIV HoTEHRIL(H L L ESHTTTEH6T
MBI GOSMETUTIHET. SLe0TMeY,  E  QsMTGLLNeL  gmaserGel
QL LDGLIMITS 6T600T600TM&HLD @) (Hd Geuevor(hLD.

The game ends when it is not possible to write any nhew number.

&HLO556060T eLpeVld, LSHGTET 6T600T gSID TemL 56160606V 6T60TMITEV
QLU L 1D (W] QUMHMIIL L &T8 &H(HH &H6\&TeTer Gausoor(hLb.

The person who writes the last number will be the winner.

@QOIBWTE  eTeoomemeoorll  USN Lauismer Wl LsHev Qeumn
QUMHMEUTTEUT.

Let us look at a sample run of the game.
6 I(hSHSIH&HTL6ML @ LGNS LIMIE&H6VITLD.

Suppose, the first player writes 12. The second player has 99 choices to choose
his/her number (as the upper limit is 100).

WSV YL LEEHTIT  elevor 12-89 GHIBHASHSHMTT 6T M)
T(HSHSIHQEHTETCMD.  Q@QUGCUTE  @U6e0oTLMD QL L&HTIT 99
cToTSH6TleV  @edTenmE CHIHOGHHIGHEHEVTLD. (100 6T600Td&6l6L  6R60T6MM
CHIHOSH(H ESHGeU600T(HILD 6T60TLISHTE)

Suppose, the second player chooses 16, then the first player can only write 4, i.e.
the difference between 16 and 12.

@) T600TLITLD QL L &H&MTTIT 616007 16-83 CHIHOGH(HEHMITIT 6T60TMITEV, (LNGH6V
LU L ESTTT 6T600T 4-83 SIT60T 6T(LDG5 (LPLQWLD. FQI60T60TMITEY, 16-601(HIBS! 12-
o 5N EHGmITLD.

The second player then writes 8, the difference between 12 and 4. Note that the
player could not have written the difference between 16 and 4, as 12 is already in
the list.

eoreory, 12-0H& 4-93 SPOILLST) @T60oTLTD QL L &SI 883
TWSIHMITT. @6y 16 WMHMID 4-@6T NSHUTFSHNS IWHUNHEHSH
(PSS 67 G\6OT6E0T MIT6V Q&T&LILN6v 12 6T M&H60TG6
QL LAUOHMBHEHR M.

Now there is no possibility of writing new numbers, so the game ends with the
numbers 4, 8, 12, and 16 appearing in the list (12, 16, 4, 8 in the order of
appearance).

@QUICUTE, LB 6TetorsCenGID 6T(LSIeUGSMETE0T GUTUILILISET &)6V606V.
QLG6VITEY, QL L SH60T (LNLG6II6V 6T600TEET 4, 8, 12, LDMMILD, 16 ST
QBTG L6 @)L LDQUMMIETENS. GTWSLILL L auflemauilev
6T(H &SI FHQETEOOTLITEV 12, 16, 4, 8 QG LD)
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* There are four numbers in the list, and the second player is the winner, as he/she
wrote the last number 8.

c QMU QLMHSID BTG 6T600T&H6T 2 _6Temeor. @) JeoorLITLD
AL LEHEHETIT Qeumn QUMMTY, gOETeTMTEY  B6UTSHTEOT  6T600T 883
@) ST 6T 6OTIT.
Play this game with your partner multiple times. Study the lists of numbers that you got for
each game and record your observations in the table below. For the last column, where
you record the winner, mention whether Player 1 (who chose the first number) won or
Player 2 (who chose the second number) won.
o BIGET [HEOOTLBHLET @bHS WL LSS L penm ellemerlm(b\hbigser.
R6IGAIMH WL LSEHVID QHTGSLILIL @LLDQUMM 6T60oT&HemeT QLTMUIBHS,
PraigserT o MHMIGHTHRLIIMENME FECL Q&M &S&LILIL (heTerT
Il Lalemeoorwilley LUBN(QmIGeT. Qeumn) QUMM 6T  HLLEH6Y,
QL L SEHMTTT 1 (LNFH6V 6T600160)600T& CHTHOH(HSHHUT) V6V LU L SH&HTTT 2
(@) JEOOTLITLD 6T600T6m600TS CHTHGS(h &S 6UT) 6T60T M &ML ILIN(HRISET.

Initial All the numbers | How many
Numbers The small_est The Iarge_st in the list numbers .
number in number in . . Winner
the list the list (in ascending are there
Player | Player order) in the list?
1 2

QaMLEs | sraell | srelll |sreliladar |asmalil | Qeaumo

6T600T &6 6 6 6T S|SB & |eubm
ol Lol L | @LDeUD [QLIDEUD | eTOu&EEbDn | a5SHeme | el
&y | sy | | DiererT geter  |Ggoeflangull  ereoraeT
i1 | 52 |YesBiw|danaud] (6 awaibisen| o drerar?
6TegoT LI eTegor
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Task 2: Predict the numbers in the list

QFWIE 2: LIL_1Q U16916D 2_6T6IT 6T600TSH: 60618 60011586V

Let us assume that the following are the initial numbers in the game. Based on these, can
you predict the numbers that you will arrive at, while playing the game?

QL LGS0t QBTG5S 6T600TES 61T QULOMmISLILIL (heTer Blemeuuilev,
allemeTWTHMEUTE 6THQSHHS 6T600T&Hem6TL! GILIMIETTE6T 6T6orm) &600115HSL
@ UIsVILT?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship
between the initial numbers and the numbers in the list.)

GOILL: B HemL&HaeMney  GUITETTE L L eUenemorenulll  LIMIBHISET.
HVETET  QSIMLES  6T600THEHHGD, LLIGQUIEINLLILLL 66008 EhEHELD
@60 CW gCHEMILD QG TLTL| 2_6TeTHIT 6Te0TLIENGHEF QUITF60)60TE Q& U HISH6T)
Predict all the numbers in the list if:

LNeoTeU(BLD QSITLES 6T600TH6EHHE, (LNAUTH S E&5HGnl] Ul 6T600THE06TE
6001155 (MBI G6T:

1. The initial numbers are 9 and 15.

1. 9 LDMMILD 15

N

. The initial numbers are 20 and 9.
20 LDMHMILD 9

N

w

. The initial numbers are 13 and 17.
13 LDMMILD 17

w

B

. The initial numbers are 7 and 35.
7 LDMHMILD 35

>

5. How did you predict the numbers for each example? Did you notice any patterns across
the examples?

5. @AUGAUTIH T(HSHSHHHTLIGMEGD  6T600TEH6M6T  6TeUUTM 560011 5B TEHET?
@)6UGleUETITS 66 FCHEMILD L IL] @) (BHLILIENG S J56U60T5HTHETT?
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6. Now that you know the strategy for finding the list, can you predict a strategy that will
ensure that one of the players will always win this game? (Which player can adopt this
strategy and always win?)

6 6TEOUTGHENETE:  SHeooTLLD 2 655 SOHCUME 2 MSEHHGS Q&FluL.
ICHBUMV, @b WL LGHETIIHETL @mealCr erlGuUTEID  Gleumm
QUOIAIMS 2 MIFF QFUISMHSTET @F 2 5HenW D HIGETITEY 6001155
WIWM? (@ mdeufley 61hg WL LESTTT @Qbs 2SSl LiweTUhSS)
6TLIGUIMEILD Qeumn) GILIMEVITLD?)

Task 3: Looking for proofs of some conjectures

QFWIA 3: Flev 2aTEHISEN6T BlemLISS WPWMHFIS 560
Some students made these interesting observations after playing a few rounds of the
game:

Flov QYL L MIGEBHGL LedT, LOMeoorelJgeT FeV SHeU6dlEE S+eUTTeruUILTeoT
6155 BIG6T HCLD QSTH&SLILIL (H 6T,

Observation 1: The smallest number in the final list is the HCF of the initial pair of
numbers.

oarHID 10 @MIT 6TeoorQSHTGLILIL 2 6o LHFFMIU 6Te0oTSHMeoT QIS &5
6T600TEH 61T 60T LO.GILIIT.6 2, &LD.

Observation 2: All and only the multiples of this smallest number up to the largest
number appear in the list.

oarg:ld 2 QuUIfll  eTeoor  euempUllev 2 6Tem @S  LIGFFMI  eTevorevofl60T

QUMHEBHS6T LOL_(HGLD 6T600T QS MG LILN60 @)L LDQLIMILD.

1. Can you figure out why this happens for every pair of numbers?

1. SIS 6TeooTGFMySaflend @euaumm 6T BISLLBMS  6TeTLINS
9 _MRIGETITEV Fo D (LOLQU|LDT?

Let us look at the two observations.
@)\ 7600T(h) 26M55M185606TULD 85601185601 @)LIGLIMEIS LI &56VITLD.
» Observation 1 says the following:
a) The smallest number in the list divides both the initial numbers.

b) The smallest number is not just any common factor, but the HCF of the two
initial numbers.

. 26eM&HLD 1-M60T LI
a) 6T SMGLLINL 2 6T6m  WISHFRM 66007 QFHTL&HGEH  6T600TH6MT
@\ J600T6n L_L|GLD 6UGH&HGSLD.
b) TOTQHTGSGLILIL 2 6mem  LOIGFF M  etevor  gCSHT & QUMS
U@ 6T600T600T TS oL (HILD @ (BLILIS6VEM6V, @ [H QBT 6T600TE6r160T
LS.QUIT.6U 9,560 2_6Temg.
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* Observation 2 implies the following:
a) All the numbers in the list are multiples of the smallest number in the list,

b) All the multiples of the smallest number up to the largest number appear in the
list.

. Q6M&LD 2-60T LI
a) 6TOTQSTGLILIL @)L LDOLMHMIGTET 2{6M60TH S 6T600TEEIHLD 2|5 eI6T6r
L& &5 M) 6T600T6001 60T QLI([HEHPFH6ITTE @) (HEGELD.
b) WISUGQUIHL  eTevor  euemguWilley 2 6em  WIBFH M eTevoTev0f 60T
QILIHSHHGHET 3I6M60TEHSILD 6T60T QS TGS LILIL @)L DG MILD.
2. We need to prove or justify these observations. Can you think of the ways of doing this?
2. @IS EMEHBIGHMET BleHLIGHS vevgl FHILUMTHS Celstor(hld. @)enNss
QEFEWSH (LD 6uLLlE6m61T8 8600T(H LI &8 2_RIGHETTEV (LOLYULOT?

Points to ponder

FHF &8 Ceuesorlq Ulemel
1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will
allow for a winning strategy?

) SMTHGE  6TeoTCFML&HEBLD  Qeumml  QUDMSSIQU 2 GHFHenll
I|DILDFGEHGLOM? @)6VEMEVRUIEIT MITEV, 6TEUAUTMITEOT 6T600TE6T GleUMMIGILIMILD
2 _GHFH I DIDFHEHELD?

2) What happens if you allow for the first three numbers to be random? Say, by making it a
three-player game?

2) (LDGH6V CLNEOT M 6T600TSR6T SMHCLMEEMTEH CHIHOSH(H & NG &HELILIL L M6V
CTEOTEOTEUMGLD? 2 SHMJeooTlons, el  eflemerwim(l L L LOMSs
LOmHMNULIEMLOLILIG eTeleuTMl(HE @ LD?

References

GLMB&HTETEH 6T
e Euclid's Game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

e The optimal strategy in Euclid's game.
https://math.stackexchange.com/questions/754461/optimal-strategy-in-euclids-game
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