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Exploring science and mathematics

Materials: Blackboard, chalk, sheets of paper

Introduction

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will �nd 
a way to win the game, always!

Task 1: Play the Euclid’s game

8.1. Euclid’s game

1. �is is a two-player game.

2. �e rules of the game are as follows.
• You can decide who plays �rst.�e �rst player, say Player 1, writes down a number that is between 1 

and 100, including both. Let us call this number ‘A’. �e second player, say Player 2, can write down 
another number of his/her choice. Let’s call this number ‘B’.

• Now, the �rst player will write the number (A – B) or (B – A), whichever is positive. Let's call this 
number ‘C'. 

• Next, it is the second player's turn. He/she has a choice. He/She can either write the di�erence between 
C and A or the di�erence between C and B. However, if one of these di�erences is already in the list 
(i.e., if it is A or B or C) then it cannot be written again. (All di�erences are taken to be positive.)

• Similarly, in subsequent turns, the players take turns to write a number which is the di�erence between 
any two numbers in the list, provided the number itself is not already present in the list.

• �e game ends when it is not possible to write any new number.
• �e person who writes the last number will be the winner. 

Let us look at a sample run of the game.

• Suppose, the �rst player writes 12. �e second player has 99 choices to choose his/her number (as 
the upper limit is 100).

• Suppose, the second player chooses 16, then the �rst player can only write 4, i.e. the di�erence 
between 16 and 12. 

• �e second player then writes 8, the di�erence between 12 and 4. Note that the player could not 
have written the di�erence between 16 and 4, as 12 is already in the list. 

• Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, 
and 16 appearing in the list (12, 16, 4, 8 in the order of appearance).

• �ere are four numbers in the list, and the second player is the winner, as he/she wrote the last 
number 8. 
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8.1 A+f;spbd; tpisahl;L

fzpjk; kw;Wk; mwptpay; Njly;

mwpKfk;

tpisahLjy; ekf;F kpFe;j kfpo;r;rpiaj; jUk; xU nrayhFk;. vz;fisf; nfhz;L ,d;W ehk; tpisahl 
NghfpNwhk;. ,jpy; vg;NghJNk ntw;wpngWtjw;fhd cj;jpiaAk; ePq;fs; njupe;Jf;nfhs;s NghfpwPu;fs;.

fUk;gyif> rhf; (chalk), fhfpjj; jhs;fs;nghUl;fs;: 

1. tpisahl ,U egu;fs; Njit.
2. tpisahl;bd; tpjpfs; gpd;tUkhW.

tpisahl;il ahu; njhlq;Fthu;fs; vd;gij ePq;fNs KbT nra;J nfhs;syhk;. Kjy; Ml;lf;fhuu; 
(Ml;lf;fhuu; 1)> 1 Kjy; 100 tiuapy; cs;s Xu; vz;izj; Nju;e;njLj;Jf; nfhz;L mij vOj Ntz;Lk;. 
,e;j vz;iz 'A' vdf; nfhs;Nthk;. ,uz;lhk; Ml;lf;fhuu; (Ml;lf;fhuu; 2)> kPjpAs;s 99 vz;fspy; 
tpUg;gg;gl;l xU vz;iz vOjpf;nfhs;syhk;. ,e;j vz;iz 'B' vdf; nfhs;Nthk;.

,g;NghJ> Kjy; Ml;lf;fhuu; (A − B) my;yJ (B − A)-I fzf;fpl Ntz;Lk;. vjpy; kpif vz;iz (positive 
number) tpilahf ngWfpwhNuh mij mtu; vOjpf; nfhs;s Ntz;Lk;. ,e;j vz;iz 'C' vdf; nfhs;Nthk;.

gpd;du;> ,uz;lhk; Ml;lf;fhuu; mtuJ Rw;wpy; (C − A) my;yJ (C − B)-,y; vijf; fzf;fplg;Nghfpwhu; 
vd;gijj; Nju;e;njLj;Jf;nfhs;syhk;. Mdhy;> vz; njhFg;gpy;  Vw;fdNt mt;ntz; ,lk; ngw;wpUe;jhy; 
(mjhtJ> A my;yJ B my;yJ C Mf ,Ue;jhy;) mJ kPz;Lk; vOjg;glf;$lhJ.  (fopj;jypy; ngw;w vz; kpif 
vz;fshf fUjg;gLk;)
,NjNghy> vz; njhFg;gpy; ,lk;ngw;wpUf;Fk; VjhtJ ,U vz;fspd; tpj;jpahrj;ij mLj;jLj;j Rw;wpy; 
fzf;fpl;L Ml;lf;fhuu;fs; vOjpf;nfhs;thu;fs;. Mdhy;> mJ njhFg;gpy; Vw;fdNt ,lk;ngwhj 
vz;zhfTk; ,Uf;f Ntz;Lk;.

fopj;jypd; %yk;> Gjpjhd vz; VJk; fpilf;ftpy;iy vd;why; Ml;lk; KbT ngw;Wtpl;ljhf fUjpf;nfhs;s 
Ntz;Lk;. 
,Wjp vz;izg; gjptpl;ltu;jhd; Ml;lj;jpy; ntw;wp ngw;wtuhthu;.

Xu; vLj;Jf;fhl;il ,g;NghJ ghu;f;fyhk;.

Kjy; Ml;lf;fhuu; vz; 12-I Nju;e;njLf;fpwhu; vd;W itj;Jf;; nfhs;Nthk;. ,g;NghJ ,uz;lhk; Ml;lf;fhuu; 
kPjKs;s 99 vz;fspy; xd;iwj; Nju;e;njLf;fyhk;. (100 vz;fs; ,Uf;fpd;wd vd;gjhy;)
,uz;lhk; Ml;lf;fhuu; vz; 16-I Nju;e;njLf;fpwhu; vd;why;> Kjy; Ml;lf;fhuu; vz; 4-I jhd; vOj KbAk;. 
Vndd;why;> 16-ypUe;J 12-I fopf;fpNwhk;.
gpd;du;> 12-ypUe;J 4-I fopg;gjhy; ,uz;lhk; Ml;lf;fhuu; 8-I vOJfpwhu;. ,tu; 16 kw;Wk; 4-,d; 
tpj;jpahrj;ij vOjpapUf;f KbahJ Vndd;why; njhFg;gpy; 12 Vw;fdNt ,lk;ngw;wpUf;fpwJ.
,g;NghJ> Gjpa vz;fNsJk; vOJtjw;fhd tha;g;Gfs; ,y;iy. Mjyhy;> Ml;lj;jpd; Kbtpy; vz;fs; 4> 8> 12> 
kw;Wk;> 16 Mfpaitj; njhFg;gpy; ,lk;ngw;Ws;sJ. (vOjg;gl;l tupirapy; vLj;Jf;nfhz;lhy; 12> 16> 4> 8 
MFk;)
njhFg;gpy; nkhj;jk; ehd;F vz;fs; cs;sd. ,uz;lhk; Ml;lf;fhuu; ntw;wp ngw;whu;> Vndd;why; mtu;jhd; 
,Wjp vz; 8-I vOjpdhu;.

Kjy; nray;: A+f;spbd; tpisahl;L
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8.1. Euclid’s game

Play this game with your partner multiple times. Study the lists of numbers that you got for each game 
and record your observations in the table below. For the last column, where you record the winner, 
mention whether Player 1 (who chose the �rst number) won or Player 2 (who chose the second number) 
won.

          

Initial Numbers �e smallest 

number 

in your 

sequence

�e largest 

number 

in your 

sequence

All numbers in a sequence 

(in ascending order)

How many 

numbers are 

there in your 

sequence?

Winner

Player 1 Player 2

Table 1

Task 2: Predict the numbers in the list

Let us assume that the following are the initial numbers in the game. Based on these, can you predict the 
numbers that you will arrive at, while playing the game?

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial 
numbers and the numbers in the list.) 

1. Predict all the numbers in the list if:
i) �e initial numbers are 9 and 15.

            _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

ii) �e initial numbers are 20 and 9

            _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

iii) �e initial numbers are 13 and 17.

            _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

iv) �e initial numbers are 7 and 35.

            _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

2. How did you predict the numbers for each example? Did you notice any patterns across the 
examples?

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

cq;fs; ez;gUld; ,e;j Ml;lj;ijg; gy Kiw tpisahLq;fs;. xt;nthU Ml;lj;jpYk; njhFg;gpy; ,lk;ngw;w 
vz;fis Muha;e;J> ePq;fs; cw;W Nehf;fpatw;iwf; fPNo nfhLf;fg;gl;Ls;s ml;ltizapy; gjptpLq;fs;. ntw;wp 
ngw;wtu; vd;w fl;lj;jpy;> Ml;lf;fhuu; 1 (Kjy; vz;izj; Nju;e;njLj;jtu;) my;yJ Ml;lf;fhuu; 2 (,uz;lhk; 
vz;izj; Nju;e;njLj;jtu;) vd;W Fwpg;gpLq;fs;.

njhlf;f vz;fs; njhFg;gpy; 
,lk;

ngw;Ws;s 
kpfg;ngupa 

vz;

ntw;wp 
ngw;wtu;

ml;ltiz 1

njhFg;gpy; 
,lk; 

ngw;Ws;s 
kpfr;rpwpa vz;

njhFg;gpYs;s 
midj;J vz;fSk; 

(VWtupirapy; vOJq;fs;)

njhFg;gpy; 
vj;jid 
vz;fs; 
cs;sd?Ml;lf;fhuu; 1 Ml;lf;fhuu; 2

8.1. a+f;spbd; tpisahl;L

Ml;lj;jpd; njhlf;f vz;fs; toq;fg;gl;Ls;s epiyapy;> tpisahLk;NghJ ve;nje;j vz;fisg; ngWtPu;fs; vd;W 
cq;fshy; fzpj;jpl KbAkh?

(Fwpg;G: jPu;T fpilf;fhky; Nghdhy; ml;ltiziag; ghUq;fs;. mjpYs;s njhlf;f vz;fSf;Fk;> gl;bayplg;gl;l 
vz;fSf;Fk; ,ilNa VNjDk; njhlu;G cs;sjh vd;gij Nahridr; nra;Aq;fs;)

nray; 2: gl;baypy; cs;s vz;fisf; fzpj;jy;

1.  g� pd;tUk; njhlf;f vz;fSf;F> Kbthf fpilf;f$ba vz;fisf; fzpj;jpLq;fs;:

m. 9 kw;Wk; 15

,. 13 kw;Wk; 17

M. 20 kw;Wk; 9

7 kw;Wk; 35<. 

2. xt;nthU vLj;Jf;fhl;bw;Fk; vz;fis vt;thW fzpj;jPu;fs;? ,e;j vLj;Jf;fhl;Lfspy; VNjDk; mikg;G 
,Ug;gijf; ftdpj;jPu;fsh?
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3. Now that you know the strategy for �nding the list, can you predict a strategy that will ensure that 
one of the players will always win this game? (Which player can adopt this strategy and always 
win ?)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Task 3: Looking for proofs of some conjectures

Some students made these interesting observations a�er playing a few rounds of the game: 

Observation 1: �e smallest number in the �nal list is the HCF of the initial pair of numbers. 

Observation 2: All and only the multiples of this smallest number up to the largest number appear in 
the list. 

1. Can you �gure out why this happens for every pair of numbers?

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Let us look at the two observations. 

• Observation 1 says the following:
a) �e smallest number in the list divides both the initial numbers.

b) �e smallest number is not just any common factor, but the HCF of the two initial numbers.

• Observation 2  implies the following:
a) All the numbers in the list are multiples of the smallest number in the list,

b) All the multiples of the smallest number up to the largest number appear in the list.

2. We need to prove or justify these observations. Can you think of the ways of doing this?

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Points to ponder

1. Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for 
a winning strategy?

2. What happens if you allow for the �rst three numbers to be random? Say, by making it a three-
player game?

References

• Euclid’s game: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

• �e optimal strategy in Euclid’s game: https://math.stackexchange.com/questions/754461/
optimal-strategy-in-euclids-game



6

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

� 

� 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

3. vz;fisf; fz;lwpAk; cj;jp jw;NghJ cq;fSf;Fj; njupAk;. mNjNghy> ,U Ml;lf;fhuu;fspy; xUtNu 
vg;NghJk; ntw;wp ngWtij cWjpr; nra;tjw;fhd Xu; cj;jpia cq;fshy; fzpf;f KbAkh? (,Utupy; ve;j 
Ml;lf;fhuu; ,e;j cj;jpiag; gad;gLj;jp vg;NghJk; ntw;wp ngwyhk;?)

nray; 3: rpy Cfq;fis ep&gpf;f Kaw;rpj;jy;

rpy Ml;lq;fSf;Fg; gpd;> khztu;fs; rpyu; ftdpj;j Rthu];akhd Cfq;fs; fPNo nfhLf;fg;gl;Ls;sd.

Cfk; 1: ,Wjp vz;njhFg;gpy; cs;s kpfr;rpwpa vz;jhd; njhlf;f vz;fspd; kP.ngh.t MFk;.

Cfk; 2: njhlf;f vz;fspYs;s ngupa vz; tiuapy; cs;s ,e;j kpfr;rpW vz;zpd; midj;J klq;Ffs; 

kl;LNk vz;njhFg;gpy; ,lk;ngWk;.

1. midj;J vz;NrhbfspYk; ,t;thW Vd; epfo;fpwJ vd;gij cq;fshy; $w KbAkh?

,uz;L Cfq;fisAk; jdpj;jdpNa ,g;NghJ ghu;f;fyhk;.
Cfk; 1-d; gb

m. � vz; njhFg;gpy; cs;s kpfr;rpW vz; njhlf;f vz;fs; ,uz;ilANk tFf;Fk;.
M. �vz; njhFg;gpy; cs;s kpfr;rpW vz; VNjh xU nghJ tFvz;zhf kl;Lk; ,Ug;gjpy;iy> ,U njhlf;f 

vz;fspd; kP.ngh.t MfTk; cs;sJ.
Cfk; 2-d; gb
m. � vz;njhFg;gpy; ,lk;ngw;Ws;s midj;J vz;fSk; mjpYs;s kpfr;rpW vz;zpd; klq;Ffshf ,Uf;Fk;.

M. �kpfg;ngupa vz; tiuapy; cs;s kpfr;rpW vz;zpd; klq;Ffs; midj;Jk; vz;njhFg;gpy; ,lk;ngWk;.

2.  ,e;j Cfq;fis ep&gpf;f my;yJ rupghu;f;f Ntz;Lk;. ,ijr; nra;jpLk; topfisf; fz;Lgpbf;f cq;fshy; 
    KbAkh?

1. 

2. 

midj;J vz;NrhbfSk; ntw;wp ngwf;$ba cj;jpia mDkjpf;Fkh? ,y;iynad;why;> vt;thwhd vz;fs; 
ntw;wpngWk; cj;jpia mDkjpf;Fk;?

Kjy; %d;W vz;fs; jw;Nghf;fhf Nju;e;njLf;f mDkjpf;fg;gl;lhy; vd;dthFk;? mjhtJ> %tu; 
tpisahLk; Ml;lkhf khw;wpaikg;gJ vt;thwpUf;Fk;?

rpe;jpf;f Ntz;bait

� A+f;spbd; tpisahl;L: https://www.cut-the-knot.org/blue/EuclidAlg.shtml

� A+f;spbd; tpisahl;by; cfe;jjhf ,Uf;Fk; cj;jp. https://math.stackexchange.com/questions/754461/

optimal-strategy-in

Nkw;Nfhs;fs;

fzpjk; kw;Wk; mwptpay; Njly;


