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Euclid’'s Game

Jfrssa Wz

Introduction

Mg

Playing games is a lot of fun. Today you are going to play a game that involves numbers, and you will find a way
to win the game, always!

STTACATAT WS G T AT, 3ATST JAIVT ST Wb WBUTR 3TN, ST TeH! FThuarard! gret /i airenes |

Materials Required : Blackboard, chalk and sheets of paper
AIEA: BT, WG, BTG

Task 1: Play the Euclid’'s game

Fell 1: W1 Jfredl W

1.

This is a two-player game.

1 WosTd g9 faemedf arT &% Frdhdrd.

. The rules of the game are as follows.

WoTd FRIA YT YHAT0T 31T

You can decide who plays first. The first player, say Player 1, writes down a number that is between 1
and 100, including both. Let us call this number ‘A’. The second player, say Player 2, can write down
another number of his/her choice. Let’s call this number ‘B’.

YDA FodId TIH HIVT BRUNR, T el oXg A, I Waolg-1 1 100 Tb! BIVRNE! U TaliTe
T (Sl 3ATe. T WA A A Y. IR WRG-2 AT Al 1 100 Ul G
BIUTET e f5gles. a1 A-Iel A0l ‘B’ %]

Now, the first player will write the number (A — B) or (B — A), whichever is positive. Let's call this number
‘C.

arrar faemedi-1 (A-B) fddT (B-A) 371 M aoidia e, SIH@ SR G 6] I563. SRIGTE S
eIy el WIS YU “C” w80,

Next, it is the second player's turn. He/she has a choice. He/She can either write the difference
between C and A or the difference between C and B. However, if one of these differences is already in
the list (i.e., if it is A or B or C) then it cannot be written again. (All differences are taken to be positive.)

7 faenfS Woe. fAares Brel Taiy med. o ‘C° 31T ‘A° Ii IoIaTdh! s 2T fhaT ‘G 3Tfor
"B’ Il IS 6@ A, ATH 3MM3er IR ATaId T (SR A, B fbar ©), feremeli=it <t | gea1
f3g FHUIR ATET (FI IR G AAIS] 8414, & &I oar).

Similarly, in subsequent turns, the players take turns to write a number which is the difference between
any two numbers in the list, provided the number itself is not already present in the list.

Wb AT Y& ey ST W3l AMebluTesl ATelclles HIVATE! Sl HAT! TolaTh] Had [HATer o]
o A fesgledies. AT < A IreiHed snefiurg =4 Are!,  faenedi uredis.

The game ends when it is not possible to write any new number.

ST BIVKB! T Ie=T f3g 0] 3T 96, I 81 Wb U,
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VI.

The person who writes the last number will be the winner.
STl Walg acdl Wl [o5g 1o, il Was [STdhes.

Let us look at a sample run of the game.
SATCT 3{TYVT B Wb Yh T W3 UTg.

Suppose, the first player writes 12. The second player has 99 choices to choose his/her number (as the
upper limit is 100).

HHS, WBTG-1 7 12 B WA (S, TR BTG -2 Bl ST 99 HATHYA AT [+1erg bl

Suppose, the second player chooses 16, then the first player can only write 4, i.e. the difference be-
tween 16 and 12.

HHST WG -2 7 16 B AT (FaSe], TR Walg-1 81 4 B W=AT (SBT3, BIRT 16 30T 12 AT GoTrarest
43,

The second player then writes 8, the difference between 12 and 4. Note that the player could not have
written the difference between 16 and 4, as 12 is already in the list.

IR WDBIG-2 Bl 8 Bl TAT [e58Ts. BIRYT 12 301 4 i ISIETD] BN 8 IR Udl. Beld &I,
WBg-2 7 16 30T 4 YT TSI JUIRT 12 B AT {SETesed! AT8T, BRI 12 B H&AT AT
RICISECIES

Now there is no possibility of writing new numbers, so the game ends with the numbers 4, 8, 12, and 16
appearing in the list (12, 16, 4, 8 in the order of appearance).

3T, VY PIVIATE T AR TR fSqd 2], AT & W 4, 8, 12, 16 T AR HUSH
(TSI 12, 16, 4, 8 AT HAT FT ATT).

There are four numbers in the list, and the second player is the winner, as he/she wrote the last number
8

T AT TR G AT AT W@ -2 - BT W FAdhosedl 2. BRI AacH] 8 Bl TT o fosgios!
3TTe.

Play this game with your partner multiple times. Study the lists of numbers that you got for each game and
record your observations in the table below. For the last column, where you record the winner, mention whether
Player 1 (who chose the first number) won or Player 2 (who chose the second number) won.

T FAFTERIR 8 W =Ygl Wal. YAd dol WMl TIR SiTosed] T IR HT M1 !
e gdies Tacare foset. 2ige=an Rabr=ard ol gl faoicma A foere, 99 Werg-1 (S Jfes! de
fasd)) Nra et fhar Were-2 (SaM ga=iier 9l fRasa!) e, o fosr.

g S

Initial Numbers The smallest| The largest|All the numbers|How many | Winner
number in the|number in thelin the list (in|numbers are
list list ascending order) |there in the
list?

goardearded | ardidis waid [adiie waid|adids wd|arda | o

EEEREC] AIST =T =T (Fedn|fadt v
HHT) SR

Player 1 |Player 2

LBg-1 |G -2
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Task 2: Predict the numbers in the list

Pelt 2: TTeielies et SigTor el
Let us assume that the following are the initial numbers in the game. Based on these, can you predict the
numbers that you will arrive at, while playing the game?

FHY WRHR oAl G SIBTH ed. AT RATURT W WD Al ATEIT DIVl el
UcHTes, AT TS FRTAT qiedl IS D17

(Hint: If you are stuck, look at the table you just made. See if there is any relationship between the initial
numbers and the numbers in the list.)

(GAT: W YT AN Jrel dTderes] ekl UgT. FodTaired] Al ATM07 ATeleiics W1 ATedTd Hrel Heel

318 BT, o T&).

Predict all the numbers in the list if:
GRS qd AT QTS ST oI

1. The initial numbers are 9 and 15.

odTci el AT 9 307 15 AT

3. The initial numbers are 20 and 9.
godIcI e HXEIT 20 37101 9 IRTIT.

4. The initial numbers are 13 and 17.

o AT e E&AT 13 AT 17 AT

5. The initial numbers are 7 and 35.

GO =aT AT 7 31107 35 JRTATH.

6. How did you predict the numbers for each example? Did you notice any patterns across the examples?

Y SETERVIRITS] DI AT Acies, ATAT Jrel SISl DT GIEcH1? AT STeRVNHE TRl Blel

3P iady fGHe H17?

7. Now that you know the strategy for finding the list, can you predict a strategy that will ensure that one of the
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players will always win this game? (Which player can adopt this strategy and always win?)

3T, ITeT FGUITATS! DIV €N GTIRIIE 3M8, & JReIe] Dhoder 3ATe. ! I R AiY 3Dl DI,
TS AT WRBI ~T8H! Yebel BTG A< [STehes ? (BIVIT WBTg B HIRVT dT<a 841 fo7p 2rebdi?)

Task 3: Looking for proofs of some conjectures

Sl 3: HIEL SFAMT Rigran argoy

Some students made these interesting observations after playing a few rounds of the game:
Hrel faeneat 81 W BTl 96 W ar g fhar IMNTaIaTes! fFR1eTor Aigdes! e,
Observation 1: The smallest number in the final list is the HCF of the initial pair of numbers.

Fteron 1: AT Faid FaT W1 81 oAl SIS ke S FH1fd 3.

Observation 2: All and only the multiples of this smallest number up to the largest number appear in the list.
frdteror 2: Irciiies | W= A1 Hald S <1 U afed. dHd AT el e AR Alcd] S

oS el G 94 gl e dles aied.

1. Can you figure out why this happens for every pair of numbers?

T IAD SITSIATS] 314 BT 3w, ARG TFRTS3T Blel ARl U5 Dhl?

Let us look at the two observations.

UG & MR Fei &% AT

I. Observation 1 says the following:

Y8707 1 319 AT,

a. The smallest number in the list divides both the initial numbers.

31) AN Hald Sel W& Goard =l alwal WA 9T <ol Adl.

b. The smallest number is not just any common factor, but the HCF of the two initial numbers.
9) qaid S8 IIT &1 B ATHS & [auTSTd A8, ) gbqkﬂwl T AR AT ST,

Il. Observation 2 implies the following:

0T 2 319 AT,

a. All the numbers in the list are multiples of the smallest number in the list,
31) AR Fd HRAT IT FATd SFET AT I AT

b. All the multiples of the smallest number up to the largest number appear in the list.
q) TGN Fd W1 T Fald Sel Ge&ed] U] ATed. T3 e[ e TRAUG Alcd]  F&d

FE AT 94 Ueedle 3.
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2. We need to prove or justify these observations. Can you think of the ways of doing this?

3MAcATST & T+R1eT0r R PRI SR, JFT Brel /7Y G, ol < fosl.

Points to ponder
feRTa gvare qdi:

1) Do all pairs of numbers allow for a winning strategy? If not, what kinds of numbers will allow for a
winning strategy?

TR Fd SIS! araa+t RThdT I B17? AT, G BIvr Siie! draka fdhdr I ?

2) What happens if you allow for the first three numbers to be random? Say, by making it a three-player
game?

HHAST BT W A STuTi1 e W eaT 30T 1 AT 83+ Godld ol I b1 Bl ?
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